It is shown that the error field in a tokamak can be shielded by a flowing liquid metal wall. In particular, a flowing liquid metal wall can prevent resonance amplification of the error field by the plasma near its no-wall stability limit.
The resistive wall mode stability is an issue of concern for tokamak confinement [1] . Experimentally, it was observed that plasma rotation can stabilize resistive wall modes [2] [3] [4] . Theoretically, it was found that mode coupling to the sound wave and to the shear Alfvén resonances in rapidly rotating plasmas can lead to stabilization of the resistive wall modes [5] [6] [7] . Unfortunately, recent experiments in DIII-D show that the rotation damps even in the presence of continuous unbalanced neutral beam injection [3] . This indicates that there is a strong braking torque that slows down the plasma rotation. Theoretically, an error field amplification mechanism has been proposed to explain the rotation braking [8, 9] . Error-fieldinduced rotation braking has been verified experimentally [10] . When the error field is reduced, the plasma rotation is found to last longer. A review of various theoretical models has been given in [11] .
In this letter, we propose an alternative approach to ameliorate the effects of the error field. We show that the error field, which is otherwise amplified, can be shielded by a flowing liquid metal wall. In particular, we prove that the strongly peaked torque barrier on the plasma rotation at the no-wall stability limit can be removed by a flowing liquid metal wall. To investigate the shielding effect from a liquid metal wall, we use a thin-wall approximation and model the error field by a thin current-carrying layer. Without loss of generality, the error-field current layer is assumed to be located immediately outside the liquid metal wall. The system is as follows: the plasma torus is surrounded by an inner vacuum region; the inner vacuum region is enclosed by a thin liquid metal wall; immediately outside the liquid metal wall is a thin error-field current layer, and outside the error-field current layer is an outer vacuum region, which extends to infinity. We use the coordinate system (ψ, θ , φ), where ψ represents the radial coordinate, θ is the poloidal angle and φ is the axisymmetric toroidal angle. The equilibrium magnetic field is expressed as B = ∇φ × ∇ψ + g(ψ)∇φ. The Jacobian of this coordinate system is J = 1/(∇ψ × ∇θ · ∇φ). Let ψ a , ψ b− , ψ b and ψ b+ designate the radial locations for the interface between the plasma and the inner vacuum region, the interface between the inner vacuum region and the liquid metal wall, the interface between the liquid metal wall and the error-field current layer, and the interface between the error-field current layer and outside vacuum region, respectively.
Since the error field is small compared with the toroidally axisymmetric equilibrium field, linear perturbation theory can be used to evaluate its effect. The solution procedure is as follows: we first describe the solutions in the vacuum and plasma regions. These solutions are then matched to each other across the various interfaces. Instead of calculating the torque on the plasma, we calculate the torque on the wall and the error-field current layer; this is opposite to the torque on the plasma that causes braking of plasma rotation.
For the sake of conciseness, we outline the general solutions for the inner and outer vacuum regions simultaneously. The vacuum regions are described by the Laplace equation
where u is the magnetic scalar potential and is related to the perturbed magnetic field by δ B = −∇u. To solve equation ( 
where M is a M × M matrix with its components defined as M mm = mδ mm with δ mm the Kronecker delta, · · · denotes the vector in Fourier space corresponding to a quantity (i.e. a single column matrix with M Fourier components as elements), and [[· · ·]] represents the M × M matrix that corresponds to a quantity with its components defined as follows:
After Fourier decomposition there are 2M independent solutions for equation (1), namely,
. These independent solutions are used to construct the following independent solution matrices:
The general solutions in the vacuum regions can be expressed as a linear combination of the independent solutions:
where c v and d v are constant vectors in the independent solution space (i.e. single column matrices with M constants as their elements). To distinguish the inner and outer vacuum solutions, we let c v1 and d v1 denote the constants for the inner vacuum region and c v2 and d v2 for the outer vacuum region. In the outer vacuum region, the scalar potential u is subjected to M boundary conditions at infinite ψ. With these M boundary conditions imposed, there are only M independent solutions left. Without loss of generality, we can set c v2 to be zero in this case. Consequently, eliminating d v2 in equation (2), we obtain
where
2 | ψb+ . The matrix T can be computed by means of the Green function method [12] .
In the inner vacuum region, the independent solutions can be constructed, for example, with the use of an inward numerical shooting [13] , for the following boundary conditions at ψ b− :
where O is the M × M zero matrix and I is the M × M unity matrix. Since the boundary conditions in equation (4) give δ B · ∇ψ = 0 at the liquid metal wall, these conditions correspond to a set of solutions that corresponds to the conducting wall type. On the other hand, since the boundary conditions in equation (5) guarantee the independent solutions to be continuous with the outer vacuum solutions, these conditions correspond to a set of solutions that corresponds to the nowall type. Using the general expression for the solutions in equation (2), we can express the normal and parallel magnetic fields at the plasma-vacuum interface as follows:
where K = (M − nq)I and q is the safety factor. Next, we describe the solution in the plasma region. The magnetic field line displacement ξ is introduced to represent the perturbed magnetic field δ B = ∇ × ( ξ × B). On the plasma-vacuum interface at ψ a , the normal magnetic field and the total pressure can be expressed as
where ξ ψ = ∇ψ · ξ , a prime denotes a derivative with respect to ψ, and F and K are equilibrium matrices [13] . The equations describing the plasma region also can be solved by means of the independent solution method described in [13] 
The normal magnetic field component and the combined magnetic and thermal pressure are required to be continuous at the plasma-vacuum interface. Matching vacuum (equations (6) and (7)) and plasma (equations (8) and (9)) solutions at the interface ψ a gives
Note that δW ∞ and δW b correspond to the energy integrals without a wall and with a perfectly conducting and non-rotating wall at ψ b , respectively, as can be seen from equations (4) and (5).
We now consider the matching across the liquid metal wall and the error-field current layer. For the radial magnetic field, the Maxwell equation ∇·δ B = 0 and the thin layer assumption lead to
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The error-field current layer can cause a jump in the scalar magnetic potential:
where, J specifies the strength of the error field. The current in the liquid metal wall causes an additional jump in the scalar magnetic potential. This can be obtained from the liquid metal wall mode equation,
where µ 0 is the vacuum permeability, σ is the wall conductivity and V is the liquid metal velocity. For simplicity, we assume that the liquid metal velocity is purely in the poloidal direction. In this case, equation (13) can be reduced to
is the normalized velocity matrix, d is the wall thickness, and
Since c v2 = 0, we find that equations (2)- (5) yield
From equations (10), (12) and (14) we find
Finally, using equations (10), (11), (15) and (16), we obtain
The torque on the liquid metal wall and the error-field current structure can be evaluated with the torque flux formula derived in [14] ,
where δ j is the current density, R is the major radius, dv is the volume element, v w denotes the volume occupied by the wall and the error field layer and d s is the outward normal surface element vector surrounding the volume v w . Torque in equation (19) can be reduced to
Inserting equations (17) and (18), we obtain
Without a liquid metal wall, we simply find = I. In this case we can see that τ e φ is inversely proportional to δW ∞ and has a singular-like peak at δW ∞ ∼ 0. With the liquid metal wall introduced, however, is proportional to δW ∞ . This causes τ e φ to become directly-instead of inversely-proportional to δW ∞ . The singular-like torque peak at δW ∞ ∼ 0 without a liquid metal wall is therefore transformed into a vanishing minimum when a flowing liquid metal wall is present.
To understand this new result more clearly, let us first give the single mode expression for torque:
subscripts r and i represent the real and imaginary parts respectively and δW i denotes the common imaginary part of δW ∞ and δW b . Here and henceforth, we do not distinguish single mode matrix components from the corresponding matrix notations. In passing, we note that the key features of the liquid metal wall shielding effect do not change sensitively as the liquid metal wall crosses the ideal wall marginal position. Next, let us consider the large-aspect-ratio limit with a circular cross section. We consider only a particular harmonic with poloidal mode number m. Imposing the boundary conditions in equations (4) and (5), we have where r is the minor radius and b is the minor radius for the wall position. Since c v2 = 0 in the outer vacuum region, U 1 is not needed in this region. The plasma energy contribution can be written as
where w mhd and w i represent the real and imaginary parts of the plasma energy normalized by the no-wall vacuum energy. In the shear Alfvén resonance case, w i is roughly proportional to the toroidal rotation frequency [7] . Also we can show 
2m ]. Equation (22) is plotted in figure 1 to display the dependence of the torque τ e φ (relative scale) on the negative plasma energy −w mhd . In the absence of a liquid metal wall, the torque is represented by the solid curves. Figure 1 shows that there is a steep peak in the torque around w mhd = 1 (i.e. the transition point for no-wall stability, e{δW ∞ } = 0), which gives a strong torque barrier for plasma rotation. Furthermore, the smaller the rotation (i.e. smaller w i , for w i ∝ as in the shear Alfvén resonance case), the steeper the peak. This indicates that there is a selfenhancing synergistic sequence in plasma rotation braking. The error-field-created torque brakes the rotation. In return, the reduced rotation further enhances the strength of the braking torque. Consequently, an even stronger reduction of the plasma rotation is triggered. However, in the presence of the liquid metal wall (dashed curves), the magnitude of the peak is reduced dramatically. In particular, the reduction features the transformation of the torque maximum to a minimum at e{δW ∞ } = 0.
Furthermore, the liquid metal wall reverses the self-enhancing synergistic sequence in rotation braking. Smaller rotation now results in smaller torque on the plasma. In figure 1 the normalized speed of the liquid metal is v θ = 0.2, which is small and well within the technically achievable values.
In summary, we have shown that the error field can be shielded by a flowing liquid metal wall. The shielding effect is found to have these distinct features: a flowing liquid metal wall can prevent the resonance amplification of the error field by the plasma near its no-wall stability limit; moreover, it reverses the self-enhancing synergistic sequence in rotation braking. In this work we use the thin-wall approximation for simplicity. Some fusion reactor configurations propose to use thick flowing liquid metal blankets, which would lead to a similar shielding effect. It is interesting to point out that the flowing liquid metal wall can shield the error field, while providing simultaneously the stabilization effect on the resistive wall modes [15, 16] .
